Entanglement between quantum and classical objects is of special interest in the context of fundamental studies of quantum mechanics and potential applications to quantum information processing. In quantum optics, single photons are treated as light quanta while coherent states are considered the most classical among all pure states. Recently, entanglement between a single photon and a coherent state in a free-traveling field was identified to be a useful resource for optical quantum information processing. However, it was pointed out to be extremely difficult to generate such states since it requires a clean cross-Kerr nonlinear interaction. Here, we devise and experimentally demonstrate a scheme to generate such hybrid entanglement by implementing a coherent superposition of two distinct quantum operations. The generated states clearly show entanglement between the two different types of states. Our work opens a way to generate hybrid entanglement of a larger size and to develop efficient quantum information processing using such a new type of qubits.
Quantum entanglement is of crucial importance for fundamental tests of quantum mechanics and implementations of quantum information processing. The idea of entangling "classical" and "quantum" states is found in Schrödinger's famous cat paradox [1] , where a microscopic atom -as a quantum particle-and a cat -as a classical object-were assumed to be entangled to each other. In quantum optics, coherent states are considered the most classical among all pure states [2] . In many situations they can be treated semi-classically, i.e. as a classical light field with the addition of stochastic noise, and are typically most robust against decoherence [3] . On the other hand, single photons are normally treated as discrete light quanta containing the minimum quantized amount of energy available at a given frequency and any attempt to describe them with an effective noise theory leads to negative probabilities.
Recently, entanglement between a single photon and a coherent state was identified to be a very useful resource for optical quantum information processing, enabling one to perform nearly deterministic quantum teleportation and universal gate operations for quantum computation using linear optics [4] . This type of hybrid entanglement, however, is difficult to generate in spite of its conceptual interest and potential usefulness. It is well known that a clean cross-Kerr type interaction between a single photon and a coherent state may generate such a state [5, 6] . However, many fundamental problems lie in the way of realizing a suitable interaction of this kind [7] [8] [9] . Therefore, an experimentally accessible scheme to replace the cross-Kerr nonlinearity and create entanglement between a single photon and a coherent state would be highly desirable. In this article, we introduce such a scheme and use it to experimentally generate small-scale hybrid entanglement. We also outline extensions whereby our methods can be generalized to produce larger scale hybrid entanglement.
The hybrid entangled state considered in this article is
where |0 and |1 are the vacuum and single photon state, respectively, and | ± α are coherent states of amplitudes ±α. Due to the classical properties of coherent states, state (1) can be considered as the closest optical implementation of Schrödinger's cat Gedankenexperiment, as it manifests the entanglement between quantum and classical states, particularly when α is sufficiently large. It is straightforward to prove that its degree as a macroscopic superposition [10] increases as α becomes larger, and it actually shows the maximum possible value, i.e., equal to its average photon number. This is also true for some highly nonclassical macroscopic states [10] such as a coherent-state superposition, |α + | − α [11] , and a photon number entan-glement called the "NOON state" [12] . On the other hand, states generated by applying the displacement operation on one part of singlephoton entanglement [13] [14] [15] do not show such properties because a stringent degree of macroscopic superposition for a bosonic state is shown to be invariant under the displacement operation [10] . In order to generate hybrid entanglement, our first observation is that a photon-added coherent state, the result of the (in principle, multiple) application of the photon creation operator onto a coherent state, can be a good approximation of a coherent state of a larger amplitude as
where N = n!L n (−|α 2 |), with the Laguerre polynomial of nth order L n ,
and this approximation holds when α is not too small. The fidelity between state (2) and an ideal coherent state |gα is
Here we shall focus on the particular case of n = 1, i.e., the single-photon addition to a coherent state. In this case, for example, F ≈ 0.98 for α = 2 and gα = 2.414, and F ≈ 0.998 for α = 4 and gα = 4.236. In fact, conditional single-photon addition can be experimentally implemented in the signal mode of a parametric down-converter upon detection of an idler photon, and this approach has already been used for fundamental proofs of quantum mechanics [16] [17] [18] . The next point of our scheme is to implement a quantum superposition of distinct operations as
where r = √ 1 − t 2 and 1 and 2 are two distinct modes. These types of "superposed" operations can be implemented by using two photon-addition units, a beam-splitter of reflectivity r and two single-photon detectors, as shown in Fig. 1a . The key idea is to mix the heralding idler photons of the two processes on the beam-splitter to erase the information as to which ofâ † 1 orâ † 2 occurred, while one of those two events definitely happened. Similar schemes for superposing different quantum operations, but acting on the same mode, were recently successfully applied for the direct experimental test of quantum commutation rules [19, 20] .
If the operation (5) is applied to an initial state of |0 1 ⊗ |α i 2 , photon addition can either take place in the first mode, producing a single-photon Fock state |1 1 while leaving the coherent state |α i 2 in the second mode, or in the second mode, leaving the vacuum in the first mode and producing a photonadded coherent state in the second. By setting t = {α 2 + 2} −1/2 , one can balance the probabilities of these two events and the resulting state is
which clearly presents a desired form of hybrid entanglement between a single-photon quantum and a coherent-state field.
In order to make a small-scale hybrid entangled state in the symmetric form of Eq. (1) for quantum information processing [4] , the displacement operation D(− αi+gαi 2
) may be finally applied to the coherent-state part in the second mode. The state then becomes
where α f = (gα i − α i )/2. It should be noted that the local displacement operation here changes neither the degree of entanglement [21] [22] [23] nor that of macroscopic quantumness [10] . The fidelity between state |Ψ S and the ideal hybrid one is
and can be made high for properly chosen values of α i and α f , as presented in Fig. 2a . For example, the fidelity is expected to be as high as F ≈ 0.991 with α f ≈ 0.21 when the initial amplitude was α i = 2. A smaller initial amplitude α i may increase the effective amplitude α f of the final hybrid state, but at the price of a lower fidelity to the ideal one (F ≈ 0.946 with α f ≈ 0.31 when α i = 1). Very recently, a different scheme to generate the hybrid state (1) was suggested by Andersen and Neergaard-Nielsen [24] , but their approach requires a coherent-state superposition and a Hadamard transform for |0 and |1 in Here, an unbalanced Mach-Zehnder interferometer makes the 'clicks' heralding the photon addition onto the two temporal modes, 1 and 2, indistinguishable. This results in a superposition of photon-addition operations on the two modes, containing vacuum (|0 ) and a coherent state (|α ), respectively. The state displacement is again obtained by mixing with an additional intense coherent state (|β ), only synchronized with the second temporal mode. c. Actual experimental scheme. TP is the delay between successive pulses from the mode-locked laser; PC is a fiber polarization controller; R/T indicates a variable-ratio fiber beam-splitter; D1 is a fiber coupled avalanche photodiode (APD); HWP1 and HWP2 are half-wave plates, and PBS is a polarizing beam-splitter used for the displacement operation. The locking mechanism of the fiber Mach-Zehnder interferometer is not shown for the sake of clarity. (See Methods for further details).
addition to the resources used in our experiment. An amplitude α f ≈ 0.21 for a hybrid pair is still small if compared to the best value for quantum information processing of ≈ 1 [4] . In order to obtain larger-size hybrid entanglement with a high fidelity, one may increase the amplitude α f of the hybrid entangled state by using the tele-amplification scheme [25, 26] .
As shown in Fig. 2b , the coherent-state part (mode 2) of the hybrid pair |Ψ(α f ) can be teleported using an entangled coherent state as the teleportation channel
−1/2 and α f > α f . The tele-amplification process is successful if one of the detectors, D T2 or D T3 , registers a single photon [26] [27] [28] . The last requirement is that, if D T2 clicks, a π phase shift (U) has to be performed to complete the teleamplification process [27, 28] . Remarkably, the tele-amplification can increase the fidelity of the obtained teleamplified hybrid entangled state with the ideal one |Ψ(α f ) up to F > 0.9999 (F > 0.999) for the initial amplitude α i = 2 (α i = 1) regardless of the value of α f , as presented in Fig. 2c . This is because the single-photon measurement distills off the errors originated from the approximationâ † |α i ∝ |gα i in |Ψ S by joint projection on the Bell basis with the prepared entangled coherent channel |ECS FIG. 2: a. Fidelity F for small-size hybrid entanglement against the output amplitude α f optimized over the initial amplitude αi. b. Conceptual scheme for the generation of larger-size hybrid entanglement by tele-amplifying the coherent-state part (mode 2) of small-size hybrid entanglement. c. Fidelity F for larger-size hybrid entanglement against the amplified amplitude α f for initial amplitudes αi = 1 (dashed) and αi = 2 (solid). Nearly perfect fidelities are obtained using the tele-amplification method. d. Success probability P of the tele-amplification process to obtain larger-size hybrid entanglement against the output amplitude α f for initial amplitudes αi = 1 (dashed) and αi = 2 (solid). [26, 31] . The fidelity can be made even higher by choosing a larger value of α i for the initial coherent state at the price of a lower success probability (see Fig. 2d and Methods).
We now discuss our experimental demonstration of small-scale hybrid entanglement. Differently from the schematic picture of Fig.1a , our actual experimental setup makes use of two distinct traveling temporal modes (instead of spatial ones) for encoding the entangled state, and is based on a scheme first developed for the remote generation of coherently-delocalized single photons [32, 33] . This approach allows us to use a single photon-addition device and a single homodyne detector, but in a time-multiplexed fashion, to conditionally generate and analyze the twomode state (see Methods).
As shown schematically in Fig.1b , we pass the idler photons produced in a photonaddition device based on parametric downconversion [16] through an unbalanced MachZehnder interferometer. If an idler photon is detected at one of the exits of the interferometer and it is not possible, even in principle, to discern whether it passed through the long or the short interferometer arm, then the superposition râ † t1 + tâ † t2 of two single-photon additions onto two signal temporal modes, denoted by t 1 and t 2 , and separated by the interferometer delay (t 2 − t 1 ), is effectively heralded. The analogy with the general quantum operation (5) is complete if we note that the varying r and t parameters can be simply implemented by adjusting the transmission and the relative phase of the two interferometer arms. The temporal-mode version of the entangled state (6) is obtained by seeding the signal mode of the parametric downconverter with the state |0 t1 ⊗|α i t2 , containing vacuum in the first temporal mode and a coherent state in the second. Time-domain homodyne detection then measures pairs of quadrature values, corresponding to the two distinct temporal modes of the state, for each heralding event (see Methods). A full quantum tomographic reconstruction of the twomode density matrix of the states is finally performed, based on a purposely-developed, iterative, max-likelihood algorithm [34, 35] . Fig.3a shows the reconstructed density matrix for a typical balanced state of the kind of Eq. (6) . Roughly speaking, the blocks on the diagonal tell us that the second mode contains a photon-added coherent state (ideally lacking the vacuum contribution) when the first mode is empty, while it contains a coherent state when a single photon excites the first mode. This is also shown in the two insets of Fig.3a , where we plot the Wigner functions of the states the second mode is projected to when we impose the first mode to be in a vacuum or single-photon state, respectively. The non-vanishing off-diagonal blocks in the density matrix demonstrate that we are not dealing with a statistical mixture of these two situations, but with a coherent superposition of the two, that is an entangled state like the one described by (6) . The negativity of the partial transpose (NPT), a measure of the degree of entanglement of the state [23] , calculated from the experimentally reconstructed density matrix in this case (α i ≈ 1.4) is NPT=0.55, in fair agreement with the theoretical expectations, considering the non-unit state preparation efficiency. Similar results were obtained for values of α i ranging from 1.4 to 3.25 (as shown in Fig.3b ), demonstrating that we are indeed able to experimentally generate hybrid entanglement between a quantum (discrete) single-photon qubit state, and a classical (continuous) one, made of two coherent states of different amplitudes, |α i and |gα i .
To produce the symmetric hybrid state (7) we experimentally implemented the displacement operation on the second temporal mode by combining the signal beam with properly synchronized intense coherent pulses (indicated as |β in Fig.1b on a low-reflectivity beam-splitter in a polarization scheme (see Methods) [15] . The reconstructed density matrix for such a symmetric hybrid state, with α i ≈ 1 and an effective final amplitude α f ≈ 0.31, is shown in Fig.4a together with the calculated ones corresponding to the expected (b) and ideal cases (c). Despite the difficulties in experimentally providing the exact amount of phase-space displacement and in stabilizing the phase of such a low-amplitude state, we still find a substantial degree of entanglement (NPT=0.45) in the reconstructed state, which has a fidelity F = 0.92 to the model state expected under the same experimental conditions.
In conclusion, we have devised a scheme to generate optical hybrid entanglement by quantum-mechanically superposing nonGaussian operations on distinct modes, and we experimentally performed its small-scale demonstration. Our proposal may enable one to obtain larger-scale hybrid entanglement without using cross-Kerr nonlinearity and with currently available resources. In fact, coherent-state superpositions up to |α| 2 ≈ 2.6 have been experimentally realized [11, 29, 30] . This means that an unbalanced entangled coherent state |ECS ∝ |α f |α f − | − α f | − α f with α f ≈ 0.31 and α f ≈ 1.58 may be obtained using an unbalanced beam splitter. Therefore, as the next step to produce larger-size hybrid entanglement, the tele- amplification of hybrid entanglement from α f ∼ 0.3 to α f ∼ 1.5 may be a reasonable task using current technology.
As the first experimental demonstration of entanglement between a single photon and a coherent-state field, our work paves the way to experimentally explore quantum-classical entanglement. Furthermore, it constitutes an important step forward to new forms of efficient, all-optical, quantum information processing. Encoding qubits in such a hybrid form, as it effectively combines the intrinsic advantages of each part, enables one to realize quantum teleportation and a universal set of gate operations for quantum computing in a nearly deterministic manner using linear optics elements [4] .
Methods

Experimental setup
We use the train of 1.5-ps pulses emitted at 785 nm from a mode-locked Ti:Sapphire laser at a repetition rate of 80 MHz as the main light source for the experiment (see Fig.1c) . Most of the emission is frequency doubled in a lithium triborate (LBO) crystal to become the pump for degenerate non-collinear type-I parametric down-conversion (PDC) in a β-barium borate (BBO) crystal.
Idler photons are spectrally filtered with a pair of etalon cavities (F), sent to an unbalanced Mach-Zehnder interferometer based on single-mode fibers and variable-ratio fiber couplers, and finally detected at one of the two exit ports of the interferometer by an avalanche photodiode D 1 . The optical path difference between the two interferometer arms is made equal to twice the distance between successive pulses in the laser train, corresponding to a delay of about 24 ns. A fine adjustment of the delay and an accurate control of the relative phase between the two paths is then obtained by means of a short free-space propagation and piezoelectric transducers.
A small part of the emission from the modelocked laser is passed through an acousto-optic modulator (AOM) working as a pulse-picker to select one in every eighth pulse of the train. This train of attenuated laser pulses at a lower repetition rate (10 MHz) is injected in the signal spatial mode of the BBO crystal to provide the seed coherent state |α i in the temporal mode 2 and the vacuum state |0 in mode 1 for photon addition.
The idler detector D 1 is gated by the AOM modulation in such a way that, when the long interferometer arm is blocked, its clicks herald the addition of a single photon to one of the coherent states in the 10 MHz seed train. In the same timing conditions, but with only the short arm blocked instead, a D 1 click heralds the production of a single photon from the vacuum state in the temporal mode arriving 24 ns earlier. Therefore, when both interferometer arms are open, a click in the idler detector cannot distinguish between the following two situations: a) a spontaneous downconversion event was produced by the n th pump pulse, the idler photon traveled the long arm, and therefore a single-photon Fock state is present in mode 1, while a coherent state is in mode 2; b) a stimulated down-conversion event was produced by the (n + 2) th pump pulse, the idler photon traveled the short arm, and therefore the vacuum state is present in mode 1, while a photon-added coherent state is in mode 2.
Because of this indistinguishability, a coherent superposition of the two final states in the two different temporal modes is obtained. Since the photon addition to a coherent state relies on stimulated rather than spontaneous emission, the weights of the two terms of the entangled state are not equal and have to be balanced by adjusting the splitting ratio of the second fiber coupler according to the coherent state amplitude |α i |. This is done experimentally by equalizing the idler count rates in D 1 when the two interferometer arms are alternatively blocked.
Note that, differently from the schematic views of Figs.1a and b, two single-photon detectors are not necessary in either possible version of the experiment. Because of the very low gain of the parametric crystal used for heralded photon addition, the probability of the two detectors clicking together (for a twophoton addition event or for the simultaneous addition of a photon to both modes) is completely negligible in our case. Differently from the states described by Eqs.6 and 7, in this experiment we can also remotely introduce an arbitrary relative phase between the two terms of the signal entangled state by acting on the Mach-Zehnder interferometer in the idler path. This phase is actively controlled and locked to 9 values in the [0, π] interval by injecting counter-propagating laser pulses into the unused exit port of the interferometer while monitoring the interference signal at the spare input port.
In order to perform temporal-modeselective coherent displacement of the state, we also make use of the polarization degree of freedom of the light pulses in the experiment. The correct amount of phase-space displacement is obtained by combining the vertically-polarized signal field with an intense, co-propagating, horizontally-polarized, version of the coherent seed pulse train at 10 MHz on a slightly rotated half-wave plate. Being synchronized with the second temporal mode only, the displacement coherent pulses do not affect the single-photon part of the state in the first temporal mode.
Homodyne detection and state tomography
After the PDC crystal, the signal beam propagates in free space before being mixed at a 50:50 beam-splitter (BS) with intense, coherent, local oscillator (LO) pulses from the mode-locked laser for high-frequency timedomain balanced homodyne detection (HD) [36] . The global relative phase between the LO pulse train (at 80 MHz repetition rate) and the states to be measured is actively locked to 7÷13 (depending on the coherent state amplitude) different values in the [0, π] interval by monitoring the dc level from the homodyne receiver. Triggered by a D 1 click, two different, phase-locked, pulses in the LO train are used to perform quadrature measurements on the two temporal modes of interest (corresponding to the n th and the (n + 2) th pump pulses), by means of a digital oscilloscope. Strictly speaking, each data pair corresponds to a measurement of the samephase quadrature for the two different modes of the entangled state. However, since we are able to produce entangled states with an arbitrary relative phase, it can be shown that this is equivalent to analyzing different-phase quadratures of states with a fixed relative phase, like those described in Eqs.6 and 7. About 6 × 10 5 quadrature pairs are acquired to perform the full tomography of each state. The dimensions of the reconstructed density matrices in the Fock basis are adjusted to the size of the investigated states. Therefore, three terms in the Fock expansion are normally used for the first mode (ideally containing just vacuum and single-photon components), whereas up to 25 may be necessary for the second mode, containing the coherent and the photon-added coherent states.
Tele-amplification
Let us assume that |Ψ S 12 was generated by the process described in Fig. 1a and teleamplified using the entangled coherent channel |ECS , as shown in Fig. 2b . After a 50:50 beam splitter, BS 23 , is applied to a part (mode 3) of state |ECS 32 and mode 2, the total state becomesB 23 |Ψ S 12 |ECS 32 whereB 23 represents the action of a 50:50 beam splitter on modes 2 and 3. Detectors D T 2 and D T 3 are then set to perform a type of Bell-state measurement that in principle identifies all four Bell states [28, 31] , |α f |α f ± | − α f | − α f and |α f | − α f ± | − α f |α f (without the normalizations). In our study, assuming availability of two single photon detectors, we employ (1, 0) and (0, 1) as success events, which distinguishes two of the Bell states. One of the successful events leads to |Ψ S 12 = N 2 1| 3 0|B 23 |Ψ S 12 |ECS 32 (10) and the other success case gives exactly the same result |Ψ S 12 = N U 2 (π) 2 0| 3 1|B 23 |Ψ S 12 |ECS 32 (11) where U 2 (π) is a π phase shift on mode 2 . An explicit form of the result is 
where N o = 1/ 2(1 − e −4α 2 f ) and N is the normalization factor. We then calculate its fidelity F to the ideal hybrid state |Ψ(α f ) as (13) The success probability for the teleamplification process can be obtained by summing the probabilities in which only one of the detectors, either D T2 or D T3 , registers a photon. The probability in which only D T2 registers a photon is
The probability P (0,1) for the the case with "D T 3 click" can be obtained in the same manner so that P = P (1,0) + P (0,1) in Eq. (15) is obtained as In Fig. 2c , we plot the numerically optimized success probability for Eq. (15) against α f for two chosen values of the initial amplitude α i .
